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Stable and unstable vortex knots in a trapped Bose-Einstein condensate
V. P. Ruban∗
L.D. Landau Institute for Theoretical Physics RAS, Moscow, Russia
(Dated: August 8, 2018)
The dynamics of a quantum vortex torus knot TP,Q and similar knots in an atomic Bose-Einstein
condensate at zero temperature in the Thomas-Fermi regime has been considered in the hydro-
dynamic approximation. The condensate has a spatially nonuniform equilibrium density profile
ρ(z, r) due to an external axisymmetric potential. It is assumed that z∗ = 0, r∗ = 1 is a maxi-
mum point for function rρ(z, r), with δ(rρ) ≈ −(α − ǫ)z2/2 − (α + ǫ)(δr)2/2 at small z and δr.
Configuration of knot in the cylindrical coordinates is specified by a complex 2πP -periodic function
A(ϕ, t) = Z(ϕ, t) + i[R(ϕ, t) − 1]. In the case |A| ≪ 1 the system is described by relatively simple
approximate equations for re-scaled functions Wn(ϕ) ∝ A(2πn + ϕ), where n = 0, . . . , P − 1, and
iWn,t = −(Wn,ϕϕ+αWn−ǫW
∗
n)/2−
∑
j 6=n 1/(W
∗
n−W
∗
j ). At ǫ = 0, numerical examples of stable so-
lutions as Wn = θn(ϕ− γt) exp(−iωt) with non-trivial topology have been found for P = 3. Besides
that, dynamics of various non-stationary knots with P = 3 was simulated, and in some cases a ten-
dency towards a finite-time singularity has been detected. For P = 2 at small ǫ 6= 0, rotating around
z axis configurations of the form (W0−W1) ≈ B0 exp(iζ)+ǫC(B0, α) exp(−iζ)+ǫD(B0, α) exp(3iζ)
have been investigated, where B0 > 0 is an arbitrary constant, ζ = k0ϕ − Ω0t + ζ0, k0 = Q/2,
Ω0 = (k
2
0 − α)/2 − 2/B
2
0 . In the parameter space (α,B0), wide stability regions for such solutions
have been found. In unstable bands, a recurrence of the vortex knot to a weakly excited state has
been noted to be possible.
PACS numbers: 03.75.Kk, 67.85.De
I. INTRODUCTION
Dynamics and statics of quantum vortex filaments is
among the most important and interesting problems in
the theory of Bose-Einstein-condensed cold atomic gases
(see review [1], and references therein). The problem is
greatly complicated (but simultaneously enriched) when
the condensate is in an external trap potential V (r), since
in that case the vortex motion occurs against a spatially
nonuniform density background. A large body of research
was reported about this topic (see, e.g., [2–18]), but the
subject has not yet been exhausted. In particular, dy-
namics of topologically nontrivial vortex configurations
was considered so far at a uniform density background
only (see [19–25], and references therein). To fill partly
this gap in the theory, some simplest vortex knots in
trapped axisymmetric condensates will be studied in the
present work.
Let us first make necessary preliminary remarks that
later will ensure quite simple derivation of approximate
equations of motion for knotted vortex filaments, suitable
for analysis.
In the general case, vortices essentially interact with
potential excitations and with over-condensate atoms.
But if the condensate at zero temperature is in the so
called Thomas-Fermi regime (a core width ξ is much
less than a typical vortex size R∗), then potential de-
grees of freedom can be neglected, and the “anelastic”
hydrodynamical approximation can be used (see appro-
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priate examples in [2–4, 7, 12, 26–28]). At the for-
mal level this means that the condensate wave function
Ψ(r, t) = |Ψ| exp(iΦ) is completely determined by geome-
try of the vortex filamentR(β, t) (where β is an arbitrary
longitudinal parameter, t is the time) and corresponds to
a minimum of the Gross-Pitaevskii functional (all the no-
tations are standard)
H =
∫ [
~
2
2mat
|∇Ψ|2 + [V (r)− µ]|Ψ|2 + g
2
|Ψ|4
]
d3r (1)
under additional condition of the presence of a given
shape vortex, and with conservation of the total number
of atoms assumed. From the minimum H requirement, in
the limit ξ ≪ R∗, approximate conditions on the velocity
field v = (~/mat)∇Φ follow in the form
div (ρ(r)v) = 0, curlv = Γ
∮
δ(r−R)Rβdβ, (2)
where ρ(r) = mat|Ψ0(r)|2 ≈ mat[µ−V (r)]/g is the undis-
turbed equilibrium condensate density in the absence of
vortex, and Γ = 2π~/mat is the velocity circulation quan-
tum.
It is very important for our purposes that from the
Hamiltonian structure of the Gross-Pitaevskii equation
governing the wave function,
i~Ψt = δH/δΨ∗, (3)
a variational equation follows for the filament motion at
ξ ≪ R∗,
Γ[Rβ ×Rt]ρ(R) ≈ δH/δR(β). (4)
A direct proof of this statement for a uniform condensate
can be found in a recent work [26]. Generalization to the
2nonuniform case is very simple, so we do not place it here.
Earlier, Eq.(4) was derived in a more complicated way in
Ref.[4]. It is the equation (4), which will serve as a basis
of the theory developed below. It will simplify signifi-
cantly our consideration of vortex knot dynamics, since
it will allow us, first, to derive approximate equations
of motion in the most compact and controlled manner;
second, — to use methods of Hamiltonian mechanics for
their analysis.
A fully consistent application of the hydrodynamical
approximation would require solution of the auxiliary
equations (2), and that would result in the Hamiltonian
of a vortex line H{R(β)} as a double loop integral with
involvement of a three-dimensional matrix Green func-
tion (for technical details, see Ref.[28]):
H{R(β)} = Γ
2
2
∮ ∮
R
′
1 · Gˆ(R1,R2)R′2dβ1dβ2, (5)
where R′ = Rβ. But if configuration of vortex line is far
from self-intersections (as, for example, in the case of a
moderately deformed vortex ring) then the local induc-
tion approximation (LIA) is applicable,
H{R(β)} ≈ HLIA = Γ
2Λ
4π
∮
ρ(R)|R′|dβ, (6)
where Λ = ln(R∗/ξ) ≈ const ≫ 1 is a large logarithm.
Substitution of this expression into Eq.(4) and subse-
quent resolution with respect to the time derivative give
the local induction equation [2–4]
Rt
∣∣
norm
=
ΓΛ
4π
(
κb+ [∇ ln ρ(R)× τ ]
)
, (7)
where κ is a local curvature of the line, b is a unit bi-
normal vector, and τ is a unit tangent vector.
It is a well known fact that at ρ = const, the local
induction equation is reduced by the Hasimoto trans-
form to a one-dimensional focusing nonlinear Schrodinger
equation [29], so the dynamics of a vortex filament at
a uniform background can be nearly integrable. As to
nonuniform density profiles, examples of application of
this model can be found in Refs.[14, 15, 30–32].
But in a number of interesting cases the LIA turns out
to be certainly insufficient. For instance, let in the sys-
tem a closed vortex filament like a torus knot TP,Q be
present (where P > 1 and Q > 1 are co-prime integers),
and its shape in cylindrical coordinates be specified by
two 2πP -periodic on the angle ϕ functions Z(ϕ, t) and
R(ϕ, t). Then it is easy to evaluate that with reason-
able values of the parameter Λ = 5.0 ÷ 9.0, a contri-
bution of the local induction into the filament dynam-
ics is though essential, but sub-dominant as compared
to non-local quasi-two-dimensional interactions between
different parts of the same vortex line corresponding to ϕ
values differing by 2πn. Vortex knots on a uniform den-
sity background were extensively investigated earlier (see
[19–25] and references therein), while analytical results
for knots in nonuniform condensates are in fact absent so
far.
The purpose of this work is to study the dynam-
ics of simplest vortex knots in a trapped axisymmetric
Bose-Einstein condensate with equilibrium density pro-
file ρ(z, r). We will derive simplified equations of motion
for the case when function rρ(z, r) has a quadratic max-
imum at a point z = 0, r = R∗, so that
δ(rρ)
R∗ρ∗
≈ −
[
(α− ǫ) z
2
2R2∗
+ (α+ ǫ)
(δr)2
2R2∗
]
, 0 ≤ |ǫ| < α,
and the shape of vortex filament is described by rather
small functions u = Z(ϕ, t)/R∗ and v = R(ϕ, t)/R∗ − 1.
Analytical solutions of the approximate equations will be
found corresponding to stationary rotating around z-axis
vortex torus knots. In some domains of parameters α and
ǫ, the stationary solutions turn out to be unstable, and
that fact seemingly should correspond to long-lived knots
in the original system described by the Gross-Pitaevskii
equation.
II. DERIVATION OF SIMPLIFIED EQUATIONS
To keep formulas clean, below we use dimensionless
units, so that Γ/2π = 1, R∗ = 1, ρ∗ = 1. We divide the
full period 2πP of functions u and v on the azimuthal
angle into P equal parts of length 2π each, and introduce
notations uj(ϕ) ≡ u(2πj+ϕ), vj(ϕ) ≡ v(2πj+ϕ), where
the index j runs from 0 to P − 1. We will suppose the
following inequalities are valid,
(u, v)≪ 1, ajl ≡
√
(uj − ul)2 + (vj − vl)2 ≫ (ξ/R∗).
Apparently, typical values u˜, v˜, and a˜jl are all of the
same order of magnitude.
Now we are going to use the fact that vector equa-
tion (4) with the chosen parametrization of vortex line is
equivalent to non-canonical Hamiltonian system
(1 + v)ρ(u, 1 + v)ut = δH/δv, (8)
−(1 + v)ρ(u, 1 + v)vt = δH/δu. (9)
Since at small u and v we have
(1 + v)ρ(u, 1+ v) ≈ 1− (α− ǫ)u2/2− (α+ ǫ)v2/2, (10)
it will be sufficient to put in the l. h. sides of Eqs.(8)-(9)
(1 + v)ρ(u, 1 + v) ≈ 1. In fact, that will mean neglect-
ing terms of order u˜2/a˜jl ∼ u˜ in comparison to terms of
order Λu˜ in equations of motion, as it will become clear
from further consideration. As to the r.h. sides, we will
use an approximate Hamiltonian H ≈ H(2)LIA+H2D, with
the first part being the expanded to the second order
Hamiltonian of local induction in terms of functions u
and v, while the second part is the interaction Hamilto-
nian between strictly co-axial perfect vortex rings near
3the maximum of function rρ:
H
(2)
LIA =
Λ
2
2piP∫
0
[u2ϕ
2
+
v2ϕ
2
−(α−ǫ)u
2
2
−(α+ǫ)v
2
2
]
dϕ, (11)
H2D ≈ 1
2
2pi∫
0
∑
j
∑
l 6=j
ln
[
(uj−ul)2+(vj−vl)2
]− 1
2
dϕ, (12)
and summation on l and j in the double sum goes from 0
to P − 1, excluding diagonal terms. Generally speaking,
instead of the logarithm in Eq.(12), there should appear
a Green function G which is a solution of equation
− ∂z
[ Gz
rρ(z, r)
]
− ∂r
[ Gr
rρ(z, r)
]
= 2πδ(z − z0)δ(r − r0),
(13)
and actually it is a cylindrical stream function created
by a point vortex [placed at position (z0, r0)] in the half-
plane (z, r) for divergence-free field ρv. Formula
G(z, r; z0, r0) =
√
rρ(z, r)r0ρ(z0, r0)G˜(z, r; z0, r0),
is valid, with function G˜ satisfying the equation
[−∂2z − ∂2r + κ˜2(z, r)]G˜ = 2πδ(z − z0)δ(r − r0), (14)
where κ˜2(z, r) =
√
rρ[∂2z + ∂
2
r ](1/
√
rρ). In the vicinity of
the maximum we have κ˜2 ≈ α+O(u2, v2), and therefore
with sufficient accuracy
G˜ ≈ K0
(√
α
√
(u− u0)2 + (v − v0)2
)
,
where K0(. . . ) is the modified Bessel function. Thus,
G ≈
[
1− 1
4
(α− ǫ)(u2 + u20)−
1
4
(α+ ǫ)(v2 + v20)
]
×K0
(√
α
√
(u− u0)2 + (v − v0)2
)
. (15)
Replacing this expression by the logarithm in the Hamil-
tonian, we neglect terms of order u˜2 ln u˜ in comparison
with the main contribution from local induction which
has the order Λu˜2. It is also clear we have neglected
those effects in the interaction Hamiltonian which are re-
lated to a difference between actual filament shape and
a perfect co-axial ring.
As the result of all the simplifications made, a canoni-
cal Hamiltonian system of nonlinear equations on un and
vn is obtained, which is able to describe dynamics of vor-
tex knots:
ut = −Λ
2
[vϕϕ + (α+ ǫ)v]
−
∑
j 6=n
(vn − vj)
(un − uj)2 + (vn − vj)2 , (16)
−vt = −Λ
2
[uϕϕ + (α− ǫ)u]
−
∑
j 6=n
(un − uj)
(un − uj)2 + (vn − vj)2 . (17)
Re-scaling here the time as Λtold = tnew, and introduc-
ing complex-valued functions Wn =
√
Λ(un + ivn), we
represent our system in a more compact form,
iWn,t = −1
2
(Wn,ϕϕ + αWn − ǫW ∗n)−
∑
j 6=n
1
(W ∗n −W ∗j )
,
(18)
with the cyclic permutation in the boundary conditions,
W0(2π) = W1(0), W1(2π) = W2(0), . . . , WP−1(2π) =
W0(0). Let us note on the way, the same system but
with different boundary conditions, when the permuta-
tion contains several cycles, is able to describe dynamics
of several vortex filaments including linked and knotted
ones.
We also note that sum w =
∑
nWn satisfies the linear
equation
iwt = −1
2
(wϕϕ + αw − ǫw∗) (19)
with periodic boundary conditions. It is easy for solution
and has the eigen-frequencies
ωm = sgn(m
2 − α+ |ǫ|)
√
(m2 − α+ ǫ)(m2 − α− ǫ),
(20)
where m is an integer. Taking into account next-order
corrections on amplitudes would result in considerably
more cumbersome equations of motion than Eq.(18). In
many cases such corrections are not necessary. Excep-
tions are possible parametric resonances as ω0 = −2ωm,
which require special relations between α and ǫ (see ex-
amples in Ref.[32]). We assume here non-resonant situa-
tion for simplicity.
III. SOLUTIONS AT ǫ = 0
A spatial inhomogeneity of the condensate came into
Eqs.(18) through the coefficients α and ǫ. They both have
essential influence on the dynamics only when ǫ 6= 0. If
ǫ = 0 then a simple phase factor as Wn = Θn exp(iαt/2)
removes the terms with α from the system, resulting in
well-known equations which are used for modeling long-
wave dynamics of weakly curved, nearly parallel vortex
filaments in a uniform perfect fluid (see, e.g., [33–36], and
references therein):
iΘn,t = −1
2
Θn,ϕϕ −
∑
j 6=n
1
(Θ∗n −Θ∗j )
. (21)
In this case, besides the corresponding Hamiltonian
H0 =
2pi∫
0
(∑
n
|Θn,ϕ|2/2−
∑
n
∑
l 6=n
ln |Θn −Θl|
)
dϕ (22)
and the angular momentum (with respect to z-axis)
M =
1
2i
∫ 2pi
0
∑
n
(Θ∗nΘn,ϕ −ΘnΘ∗n,ϕ)dϕ,
4there are additional integrals of motion in the system,
Nσ =
∫ 2pi
0
∑
n
|Θn − σ|2dϕ. (24)
Consequently, stable (within the approximate model un-
der consideration) solutions exist in the form Θn =
σ+θn(ϕ−γt) exp(iλt), each configuration corresponding
to a local minimum of a bounded from below functional
H˜0 = H0 + λNσ − γM , with some constants λ, σ, and γ
(without loss of generality, we put σ = 0). In particular
torus knots TP,Q, when
θn = c exp
(
i
2πnQ
P
+ i
Q
P
ϕ
)
, (25)
are certainly stable at P ≤ 6, which property follows from
the classical result about stability of regular P -polygon
of point vortices on a plane.
Thus, we have obtained an interesting theoretical re-
sult: at definite parameters of external potential, long-
lived vortex knots can exist in the condensate. In partic-
ular, for an anisotropic harmonic trap, where the density
profile in the Thomas-Fermi regime is
ρ = 3/2− (r2 + α‖z2)/2,
the coefficients of system (18) are
α = (3 + α‖)/2, ǫ = (3 − α‖)/2.
To have the most stable knots, it is necessary to use here
the anisotropy parameter α‖ ≈ 3.
Numerical finding of examples of such “stationary” so-
lutions is easy and can be efficiently made by the method
of gradient descent, that is by simulation of an auxiliary
evolutionary system
fn,τ = −δH˜0
δf∗n
=
1
2
fn,ϕϕ − iγfn,ϕ − λfn +
∑
j 6=n
1
(f∗n − f∗j )
.
(26)
Several nontrivial examples for P = 3 are shown in Fig.1
(with the choice Λ = 6.25; the line in the figure is more
thick where a local value of coordinate z is larger).
But it would be a mistake to believe that, having taken
arbitrary initial data fn(ϕ, τ = 0), we can integrate the
gradient equations to very long τ with conservation of
initial topology of the knot, and that in the limit τ →
+∞ we will inevitably get some smooth functions fn →
θn. On the contrary, it is quite possible that after a
finite “time”, a singularity will develop in system (26),
when δ(τ) ≡ minϕ|fj(ϕ, τ) − fl(ϕ, τ)| → 0 at τ → τsing.
Numerical discretization of the curve will result in a self-
intersection, and topology will change at that event. In
other words, a dispersive tendency towards smoothing of
locally twisted filaments can prevail over their mutual
repulsion. Indeed, when a typical scale along ϕ becomes
of order δ, then the dispersive term fϕϕ has the same
order 1/δ as the nonlinear term. Therefore the question
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FIG. 1: Examples of stable knots at P = 3, found by
simulation of equations (26) with different initial condi-
tions: a) f(ϕ, 0) = 0.6[i cos(2ϕ/3)− 0.5 sin(4ϕ/3)] — “figure-
eight knot”; b) f(ϕ, 0) = 0.6[i cos(4ϕ/3) − 0.5 sin(8ϕ/3)];
c) f(ϕ, 0) = 0.6i{cos(ϕ/3) + exp(11iϕ/3)[1 + cos(2[ϕ −
π]/3)]4/16} — “granny knot”. In cases a) and b) the pa-
rameters λ = 4.0, γ = 0. In case c) γ = 1.5, λ = γ2/2 + 4.5.
5remains open, if a stationary solution always exists at a
given knot topology.
But nevertheless, in many cases δ(τ) does not go to
zero, topology of initial knot is conserved, and smooth
solutions are found successfully (sometimes, however, the
“relaxation” to a minimum of H˜0 occurs rather slowly).
We also mention a possible case α < 0, when function
rρ(z, r) has a minimum at point z = 0, r = 1 instead
of maximum. In that case at ǫ 6= 0 the integrals Nσ are
absent, but the functional H−γM itself is bounded from
below. Therefore stable rotating around z-axis knots of
the form Wn = Fn(ϕ− γt) exist.
Another noteworthy result is about numerical simu-
lations of equations of motion. It turns out that also
conservative system (21) can exhibit a tendency towards
a finite-time singularity, not only the gradient system
(26). An appropriate example is given in Fig.2. In
the framework of the Gross-Pitaevskii equation, such a
rapid collision of vortex lines typically results in their
re-connection. Of course, our simplified equations loose
their literal applicability closely to the singularity, but an
initial stage of its formation is described correctly. Clar-
ification of collapse conditions and its relation to vortex
knot topology are interesting tasks for future research.
IV. CASE P = 2
Let us now consider in more detail the simplest vortex
configurations with P = 2. Introducing the sum w =
W0 +W1 and the difference W = W0 −W1, we obtain
two “un-linked” equations: Eq.(19) and
iWt = −1
2
(Wϕϕ + αW − ǫW ∗)− 2
W ∗
, (27)
the last one with anti-periodic boundary conditions. Let
us concentrate our attention on this equation. In the case
ǫ = 0, exact solutions exist of the form
W = B0 exp(ik0ϕ− iΩ0t+ iζ0), (28)
depending on a real parameter B0 > 0, where
Ω0 =
1
2
(k20 − α)−
2
B20
, (29)
and k0 should be a half-integer Q/2 (at k0 = 3/2 the
solution corresponds to “trefoil” T2,3). It is not difficult
to analyze small perturbations and make sure that the
given solution is stable at all B0 and α.
Situation is more complicated when ǫ 6= 0. In that case
there are stationary solutions as well. At small ǫ up to
the first-order accuracy we easily obtain
W ≈ B0 exp(iζ) + ǫC exp(−iζ) + ǫD exp(3iζ), (30)
where ζ = k0ϕ−Ω0t+ζ0, and coefficients C andD satisfy
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FIG. 2: A tendency towards finite-time singularity in
Eqs.(21): a) initial knot configuration obtained by simu-
lation of auxiliary system (26) (with parameters γ = 0.7,
λ = γ2/2 + 4.0) to τmax = 7.0, with initial conditions
f(ϕ, 0) = 0.6[exp(2iϕ/3) + exp(4iϕ/3) + exp(8iϕ/3)]; b) the
knot at t = 2.3 with locally convergent parts of the fila-
ment [shown without taking into account the phase factor
exp(iαt/2)].
a linear system of equations
−Ω0C = 1
2
(k20 − α)C +
2
B20
D +
B0
2
, (31)
3Ω0D =
1
2
(9k20 − α)D +
2
B20
C. (32)
The solution of this system is
D = B0/J, C = −B30(3k20 + α+ 6/B20)/(2J), (33)
J = −4/B20 +B20(k20 −α− 2/B20)(3k20 +α+6/B20). (34)
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FIG. 3: Examples of the dynamics of extreme deviations for
stable and unstable solutions (30).
-1
-0.5
 0
 0.5
 1
 1.5
 0  0.2  0.4  0.6  0.8  1
t=20.0
φ/2pi
Re (W exp(i Ω0 t))Im (W exp(i Ω0 t))|W|
-1
-0.5
 0
 0.5
 1
 1.5
 0  0.2  0.4  0.6  0.8  1
t=100.0
φ/2pi
Re (W exp(i Ω0 t))Im (W exp(i Ω0 t))|W|
-1
-0.5
 0
 0.5
 1
 1.5
 0  0.2  0.4  0.6  0.8  1
t=180.0
φ/2pi
Re (W exp(i Ω0 t))Im (W exp(i Ω0 t))|W|
FIG. 4: Growth and subsequent decay of unstable mode at
α = 2.8, ǫ = 0.2, B0 = 0.7.
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FIG. 5: Structure of stable and unstable bands at α = 2.8,
ǫ = 0.2. One strongly unstable band is seen near B0 = 0.66,
and two weakly unstable bands are near B0 = 0.42 and B0 =
0.88.
A difference in comparison to the case ǫ = 0 is that
at some relations between B0 and α, parametric reso-
nances turn out be possible in the dynamical system un-
der consideration, thus resulting in instabilities. In other
words, with small random initial perturbations near the
stationary solution, three possible scenarios can develop
in subsequent dynamics of the largest and the smallest
values of |W |. When solution (30) is stable, |W |max,min
do not exhibit considerable changes. But if (30) is un-
stable then deviations of |W | first grow exponentially,
and after that either return closely to initial small values
or the system passes to a quasi-turbulent regime. For
illustration, in Fig.3 examples of numerically found tem-
poral dependencies of extreme quantities maxϕ|W (ϕ, t)|
and minϕ|W (ϕ, t)| are given at α = 2.8, ǫ = 0.2 for sev-
eral B0. Fig.4 shows how the solution looks at recurrent
dynamics of unstable mode.
If in each such numerical simulation on a sufficiently
long time interval we record globally reached extreme
values of quantity |W |/B0, and after that we draw their
dependencies on B0, then a structure of stable and un-
stable bands at fixed α and ǫ is obtained. An example is
given in Fig.5. It is important that with rather small ǫ,
stable bands dominate.
V. CONCLUSIONS
Thus, in this work for the first time relatively sim-
ple and convenient for analytical study and for numeri-
cal modeling, Hamiltonian equations have been derived
which are able to describe in a definite limit the dynamics
of knotted quantum vortex lines in spatially nonuniform
axisymmetric Bose-Einstein condensates in the Thomas-
Fermi regime at zero temperature. In numerical experi-
ments, in a number of cases, a tendency towards a finite-
time singularity was observed for knots with nontrivial
topology. In the framework of suggested model, at defi-
7nite values of parameters, stable stationary solutions with
different topology have been found, with no analogs in
uniform condensates. It has been revealed that in general
case, solutions in the form of torus knots can be paramet-
rically unstable but unstable bands are relatively narrow
at small anisotropy of the maximum of function rρ(z, r),
in the vicinity of which all the dynamics occurs.
Our theory is heavily based upon a large parameter Λ
which however can hardly be very large in reality. There-
fore, it seems very desirable to compare in the future the
predictions of the present simplified model to results of
direct numerical simulation of the Gross-Pitaevskii equa-
tion at moderate Λ.
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